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HAANTJES ALGEBRAS AND DIAGONALIZATION
PIERGIULIO TEMPESTA AND GIORGIO TONDO
Abstract. We introduce the notion of Haantjes algebra: It consists of an
assignment of a family of operator fields over a differentiable manifold, each
of them with vanishing Haantjes torsion, which satisfy suitable compatibility
conditions among each others. Haantjes algebras naturally generalize several
known interesting geometric structures, arising in Riemannian geometry and
in the theory of integrable systems. At the same time, as we will show, they
play a crucial role in the theory of diagonalization of operators on differentiable
manifolds. Whenever the elements of an Haantjes algebra are semisimple and
commute, we shall prove that there exists a set of local coordinates where
all operators can be diagonalized simultaneously. Moreover, in the general,
non-semisimple case, they acquire simultaneously, in a suitable local chart, a
block-diagonal form.
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1. Introduction
The purpose of this paper is to introduce a new geometric-algebraic structure,
based on the notion of Haantjes torsion, that we shall call Haantjes algebra. The
Haantjes torsion was introduced in 1955 by J. Haantjes in [15], and represents a
natural generalization of the torsion defined by Nijenhuis in [23]. Although the
theory of tensors with vanishing Nijenhuis torsion has been intensively investigated
in the last forty years, mainly due to its applications in the theory of integrable
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systems and separation of variables (where they are usually called recursion opera-
tors), quite surprisingly the relevance of Haantjes’s differential-geometric work has
not been recognized for a long time, with the exception of some notable applica-
tions to Hamiltonian systems of hydrodynamic type [6, 7, 11]. For a nice review
of classical and more recent results about the theory of Nijenhuis and Haantjes
tensors, see [16].
Our work is inspired, from one side, by the construction of Haantjes manifolds
proposed in [17, 18, 21], from the other side by the concept of symplectic-Haantjes
manifold or ωH manifold that we have recently introduced in [25] in connection
with the theory of classical integrable systems. Indeed, ω represents a symplectic
two-form; besides, ωH structures provide us with a natural theoretical framework
for dealing with the integrability and separability properties of mechanical systems,
and represents a formulation that parallels and completes the one offered by the
Nijenhuis geometry.
In this article, we will extend the previous ideas by proposing a very general
and abstract setting. The resulting geometric-algebraic structures we obtain will
be called Haantjes algebras. They consist essentially of a differentiable manifold
M endowed with a family of endomorphisms of the tangent bundle with vanishing
Haantjes torsion, which are compatible among each others. In this general frame-
work, the existence of an underlying symplectic structure is no longer required.
From one hand, a Haantjes algebra is a flexible tool that in principle can be
specialized to treat many different interesting constructions in a natural and uni-
fied language. Needless to say, Magri’s Haantjes manifolds are a specially relevant
instance of Haantjes algebras. Another important class of Haantjes algebras is
represented by the Killing–Sta¨ckel algebras introduced in [3] over a n-dimensional
Riemannian manifold, with the aim to characterize separation of variables in clas-
sical Hamiltonian systems.
From the other hand, our main motivation, apart the intrinsic interest of a
geometric structure combining the Haantjes geometry with that of symplectic (or
Riemannian) manifolds, is the abstract problem of diagonalization of operators on
a differentiable manifold. Indeed, we shall prove that the algebras of Haantjes
fields of operators introduced in Section 5 can be diagonalized simultaneously in
an appropriate local coordinate system, that we shall call a Haantjes chart. Note
that no hermiticity assumption is needed: we only require that they are point-wise
diagonalizable and that their Haantjes torsion vanishes. Being the latter a fourth-
degree requirement in the components of such operators (see formula (4) below), a
very large class of tensor fields satisfies it.
Our statement concerning diagonalization, proved in Theorem 36, is the following
Main Result. Given a set K = {K1, . . . ,Km} of commuting semisimple op-
erators with vanishing Haantjes torsion, there exists a set of local coordinates in
which all Ki ∈ K can be simultaneously diagonalized. Therefore, K turns out to
be an Abelian Haantjes algebra.
Conversely, let {K1, . . . ,Km} be a set of operator fields. If they share a set
of local coordinates in which they take simultaneously a diagonal form, then they
generate a semisimple Abelian Haantjes algebra.
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The previous result can also be extended to the very general but largely unex-
plored case of non-semisimple Haantjes operators. Indeed, for this class we shall
prove that there exists a local coordinate system where all the operators of a set K
of Haantjes operators acquire simultaneously a block-diagonal form.
We also wish to mention that in this article a new, infinite “tower” of generalized
Nijenhuis torsions of level n for all n ∈ N is also defined. The geometrical meaning
of our notion, which naturally generalizes both the classical Nijenhuis and Haantjes
torsions, has been discussed in detail elsewhere [26].
The paper is organized as follows. After a discussion, proposed in Section 2,
of the main algebraic structures needed in this work, including the generalized
torsions, we shall present in Section 3 a brief introduction to the Nijenhuis and
Haantjes geometries. In Section 4, the main results of the theory are proved. In
Section 5, the formal construction of a Haantjes algebra is proposed and the cyclic
case is discussed; an example illustrating the main theorems and the theory of cyclic
generators of semisimple Haantjes algebras is also presented in Section 6.
A comparison with other related geometric structures is proposed in the final
Section 7.
2. Nijenhuis and Haantjes operators
The natural frames of vector fields associated with local coordinates on a differ-
entiable manifold, being obviously integrable, can be characterized in a tensorial
manner as eigen-distributions of a suitable class of (1, 1) tensor fields, i.e. the ones
with vanishing Nijenhuis or Haantjes torsion. In this section, we review some ba-
sic algebraic results concerning the theory of such tensors. For a more complete
treatment, see the original papers [15, 23] and the related ones [24, 12].
Let M be a real differentiable manifold and L : TM → TM be a (1, 1) tensor
field, i.e., a field of linear operators on the tangent space at each point of M .
Definition 1. The Nijenhuis torsion of L is the defined by the vector-valued 2-form
(1) TL(X,Y ) := L
2[X,Y ] + [LX,LY ]−L
(
[X,LY ] + [LX,Y ]
)
,
where X,Y ∈ TM and [ , ] denotes the commutator of two vector fields.
In local coordinates x = (x1, . . . , xn), the Nijenhuis torsion can be written as
the skew-symmetric (1, 2) tensor field
(2) (TL)
i
jk =
n∑
α=1
(
∂Lik
∂xα
Lαj −
∂Lij
∂xα
Lαk +
(∂Lαj
∂xk
−
∂Lαk
∂xj
)
Liα
)
,
having n2(n− 1)/2 independent components.
Definition 2. The Haantjes torsion associated with L is the the vector-valued 2-
form defined by
(3) HL(X,Y ) := L
2TL(X,Y ) + TL(LX,LY )−L
(
TL(X,LY ) + TL(LX,Y )
)
.
Explicitly, one can also write [16]
HL(X,Y ) = L
4[X,Y ] + [L2X,L2Y ]− 2L3
(
[X,LY ] + [LX,Y ]
)
+
+L2
(
[X,L2Y ] + 4 [LX,LY ] + [L2X,Y ]
)
− 2L
(
[LX,L2Y ] + [L2X,LY ]
)
.
(4)
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The skew-symmetry of the Nijenhuis torsion implies that the Haantjes torsion is
also skew-symmetric. Its local expression is
(5) (HL)
i
jk =
n∑
α,β=1
(
LiαL
α
β (TL)
β
jk+(TL)
i
αβL
α
j L
β
k−L
i
α
(
(TL)
α
βkL
β
j +(TL)
α
jβL
β
k
))
,
or in explicit form
(6)
(HL)
i
jk =
n∑
α=1
(
−2(L3)iα∂[jL
α
k]+(L
2)iα
(
∂[j(L
2)αk]+4
n∑
β=1
L
β
[j∂|β|L
α
k]
)
+(L2)α[j∂|α|(L
2)ik]
)
.
Here for the sake of brevity we have used the notation ∂j :=
∂
∂xj
and the indices
between square brackets are to be skew–symmetrized, except those in | · |.
In order to prove Theorems 22 and 23, we state here two lemmas.
Lemma 3. Let L be an operator field in TM. Then, the following identities hold:
τL(X,Y ) = L
2[X,Y ] , ∀X,Y ∈ ker(L)(7)
HL(X,Y ) = L
4[X,Y ] , ∀X,Y ∈ ker(L)(8)
Proof. These relations come directly from eqs. (1) and (4), taking into account
that only the first term survives in their right hand sides, due to the fact that
X,Y ∈ ker(L). 
Lemma 4. Let A and B be two commuting operator fields that fulfill the condition
kerA ∩ kerB = {0}. Then, the following identity
(9) kerA⊕ kerB = kerAB .
holds.
Proof. Since the two operatorsA and B commute with each others, it is immediate
to check that each vector field Z := X + Y with X ∈ kerA and Y ∈ kerB belongs
to kerAB.
Viceversa, it can be proved that
(10) rank(kerA) + rank(kerB) ≥ rank(kerAB) .
In fact, taking into account that kerAB is both A-invariant and B-invariant, we
have ImB| kerAB ⊆ kerA| ker(AB). Therefore, as
rank(kerB| ker(AB)) + rank(ImB| ker(AB)) = rank(kerAB)
relation (10) follows. 
We shall now generalize the notion of Haantjes torsion by means of a recursive
procedure. Indeed, one can introduce a “tower” of generalized torsions of Nijenhuis
type.
Definition 5. We define the generalized Nijenhuis torsion of level n as the vector-
valued 2-form given by
(11)
τ
(n)
L
(X,Y ) := L2τ
(n−1)
L
(X,Y )+τ
(n−1)
L
(LX,LY )−L
(
τ
(n−1)
L
(X,LY )+τ
(n−1)
L
(LX,Y )
)
, n ≥ 1
where τ
(0)
L
(X,Y ) = [X,Y ], X,Y ∈ TM . Here τ
(1)
L
= τL and τ
(2)
L
= HL.
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The expression of the n-th level torsion in local coordinates is given by
(12)
(τ
(n)
L
)ijk =
n∑
α,β=1
(
LiαL
α
β(τ
(n−1)
L
)βjk+(τ
(n−1)
L
)iαβL
α
j L
β
k−L
i
α
(
(τ
(n−1)
L
)αβkL
β
j+(τ
(n−1)
L
)αjβL
β
k
))
.
We stress that the notion of n-th order generalized Nijenhuis torsion was proposed
in a completely independent way also in [16]. In that algebraic construction, one
considers generalized torsions of order n associated more generally to an arbitrary
vector-valued skew symmetric bilinear map on a real vector space. In our geometric
approach, which is a recursive one, we work on a tangent bundle and fix the initial
condition of the recurrence with the standard choice of the Lie bracket between
vector fields.
We shall first consider some specific cases, in which the construction of the
Nijenhuis and Haantjes torsions will be particularly simple.
Example 6. Let L be an operator field that takes a diagonal form
(13) L(x) =
n∑
i=1
li(x)
∂
∂xi
⊗ dxi,
in some local chart x = (x1, . . . , xn). Its Nijenhuis torsion is given by
(14) (TL)
i
jk = (lj − lk)
(
∂lj
∂xk
δij +
∂lk
∂xj
δik
)
.
It is evident that (TL)
i
jk = 0 if i, j and k are distinct or if j = k. Thus, we can
limit ourselves to analyze the n(n− 1) components
(15) (TL)
j
jk = (lj − lk)
∂lj
∂xk
, j 6= k .
If
∂lj
∂xk
6= 0, each component vanishes if and only if lj(x) ≡ lk(x). Therefore, we
can state the following
Lemma 7. Let L be the diagonal operator field (13), and suppose that its Nijenhuis
torsion vanishes. Let us denote with (i1, . . . , ij, . . . , ir), r ≤ n an ordered subset of
(1, 2, . . . , n). If the j-th eigenvalue of L depends on the variables (i1, . . . , ij , . . . , ir),
then
(16) lj(i1, . . . , ij , . . . , ir) ≡ li1 ≡ li2 ≡ . . . = lir .
From the other side, apart when each eigenvalue is constant, we can distinguish
several cases, ensuring that the Nijenhuis torsion of a diagonal operator vanishes.
For instance,
i) lj(x) = λj(x
j) j = 1, . . . , n⇒ n simple eigenvalues
ii) lj(x) = λ(x) j = 1, . . . , n⇒ 1 eigenvalue of multiplicity n
represent the extreme cases. An exhaustive analysis of all intermediate possibilities
is left to the reader.
Example 8. Let dim M = 2. Then, it easy to prove by a straightforward compu-
tation that the Haantjes torsion of any field of smooth operators vanishes.
Example 9. Let L be the diagonal operator of Example 6. Its Haantjes torsion
reads
(17) (HL)
i
jk = (li − lj)(li − lk)(TL)
i
jk,
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where (TL)
i
jk is given by eq. (14).
The following proposition is a consequence of eqs. (14) and (17).
Proposition 10. Let L be a smooth operator field. If there exists a local coordinate
chart (x1, . . . , xn) where L takes the diagonal form (13), then the Haantjes torsion
of L identically vanishes.
Due to the relevance of the Haantjes (Nijenhuis) vanishing condition, we propose
the following definition.
Definition 11. A Haantjes (Nijenhuis) operator is an operator field whose Haan-
tjes (Nijenhuis) torsion identically vanishes.
We also recall, for the subsequent discussion, that the transposed operator LT :
T ∗M 7→ T ∗M is defined as the transposed linear map of L with respect to the
natural pairing between the tangent and the cotangent bundle of M
< LTα,X >=< α,LX > α ∈ T ∗M, X ∈ TM.
The torsionless condition of a Nijenhuis operatorN can be written in the following
equivalent manner (see, for instance, [13]), through the Lie derivative along the flow
of any vector field X ∈ TM
(18) LNX(N ) =NLX(N ) .
Analogously, the vanishing of the Haantjes torsion (3) of an operator field L is
equivalent to the following condition
(19)
LL2X
(
L
)
L = L3LX
(
L
)
−L2
(
2LLX(L)+LX(L)L
)
+L
(
LL2X(L)+2LLX(L)L
)
.
Lemma 12. Jacobi Formula. Let L : TM → TM an operator field. For any vector
field X ∈ TM , holds true that
(20) LX(detL) = Trace
(
Cof(L)LX(L)
)
,
where Cof(L) the cofactor operator and Trace the trace of an operator.
A nice intrinsic proof can be found in the textbook [29].
Proposition 13. [8] Let N : TM → TM a Nijenhuis operator. Then
(21) NTd(detN) = detN d(Trace(N )))
Proof. If detN = 0, the result is obvious. Assume that detN 6= 0. Then, sub-
stituting Cof(N ) = det(N)N−1 and X = NY in the Jacobi formula (20), one
gets
LNY (detN ) = Trace
(
det(N )N−1 LNY (N)
)
= det(N )Trace
(
N−1N LY (N )
)
= det(N )Trace
(
LY (N)
)
= det(N )LY
(
Trace(N)
)
where the torsionless condition (18) and the fact that Trace commutes with the
Lie derivative have been used. 
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As is well known (see for instance [13]), given an invertible Nijenhuis operator,
its inverse is also a Nijenhuis operator. The same property is true for a Haantjes
operator.
Proposition 14. [4]. Let L be a Haantjes operator in M . If L−1 exists, it is also
a Haantjes operator.
Proof. It is a consequence of the identity
(22) HL−1(X,Y ) = L
−4 HL(L
−2X,L−2Y )
that can be easily recovered by eq. (4). For an alternative proof, see Proposition
2, p. 257 of [4]. 
The product of a Nijenhuis operator with a generic function is no longer a Ni-
jenhuis operator, as is proved by the identity
(23)
TfL(X,Y ) = f
2TL(X,Y )+f
(
(LX)(f)LY −(LY )(f)LX+Y (f)L2X−X(f)L2Y
)
,
where X(f) denotes the Lie derivative of an arbitrary function f ∈ C∞(M) with
respect to the vector field X . Instead, the differential and algebraic properties of
a Haantjes operator are much richer, as one can infer from the next, remarkable
results.
Proposition 15. [4]. Let L be an operator field. Let f, g : M → R be C∞(M)
functions, and I denotes the identity operator in TM . Then
(24) HfI+gL(X,Y ) = g
4HL(X,Y ) .
Proof. See Proposition 1, p. 255 of [4]. 
Proposition 16. [5]. Let L be a Haantjes operator in M . Then for any polynomial
in L with coefficients aj ∈ C
∞(M), the associated Haantjes torsion vanishes, i.e.
(25) HL(X,Y ) = 0 =⇒ H(
∑
j aj(x)L
j)(X,Y ) = 0.
Proof. See Corollary 3.3, p. 1136 of [5]. 
As we shall see in Section 5.2, from Propositions 15 and 16 one can infer that a
single Haantjes operator generates a cyclic algebra of Haantjes operators over the
ring of smooth functions on M . However, this is not the case for a Nijenhuis oper-
ator N , since a polynomial in N with coefficients aj ∈ C
∞(M) is not necessarily
a Nijenhuis operator.
We propose now an interesting example of Nijenhuis and Haantjes operators
borrowed from Rational Mechanics.
Example 17. Let M = {(Pγ ,mγ) ∈ (En,R)} be a finite system of mass points
(possibly with mγ < 0) in the n-dimensional affine Euclidean space En. Let us
consider the (1, 1) tensor field defined by
(26) EP (~v) =
∑
γ
mγ
(
(Pγ − P ) · ~v
)
(Pγ − P ) ~v ∈ TPEn ≡ En ,
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called the planar inertia tensor (or Euler tensor in Continuum Mechanics), and the
inertia tensor field, given by
(27) IP (~v) =
∑
γ
mγ
(
|Pγ − P |
2~v −
(
(Pγ − P ) · ~v
)
(Pγ − P )
)
.
They are related by the formulas
(28) IP = Trace(EP )In −EP , EP =
Trace(IP )
n− 1
In − IP , n > 1 ,
where In is the identity operator in En. Both of them are symmetric w.r.t. the
Euclidean scalar product, so that they are diagonalizable at any point of En. Fur-
thermore, by virtue of (28) they commute; consequently, they can be simultaneously
diagonalized.
If G is the center of mass of M, defined by
G− P =
1
m
∑
γ
(Pγ − P ) m :=
∑
γ
mγ m ∈ R \ {0},
the following Huygens-Steiner transposition formulas hold
EP (~v) = EG(~v) +m
(
(P −G) · ~v
)
(P −G),(29)
IP (~v) = IG(~v) +m|P −G|
2 −m
(
(P −G) · ~v
)
(P −G) .(30)
From eqs. (29) and (30) it follows that in the Cartesian coordinates (x1, . . . , xn)
with origin in G, defined by the common eigen-directions of EG and IG, we have
(EP )
i
j = λi(G)δ
i
j +mx
ixj ,(31)
(IP )
i
j = li(G)δ
i
j +m
( n∑
α=1
xαxα − x
ixj
)
i, j = 1, . . . , n .(32)
Here xα = δαβx
β, and λi(G) and lj(G) denote the eigenvalues of the tensor fields
E and I respectively, both evaluated at the point G. In [1, 2] it has been proved that
the Nijenhuis torsion of E vanishes
(33) (TE)
i
jk = m
n∑
α=1
(
xi
✭
✭
✭
✭
✭
✭
✭✭
(δαkE
α
j − δαjE
α
k ) +
❳
❳
❳
❳
❳
(δjk − δkj)x
αEiα
)
= 0 ,
thus its Haantjes torsion also vanishes. Furthermore, we observe that the torsion
of I reads
(34) (TI)
i
jk = 2m
n∑
α=1
(
xα
(
I
α
j δ
i
k − I
α
k δ
i
j
)
+ xkI
i
j − xjI
i
k
)
,
i.e. it is not identically zero, although its Haantjes torsion vanishes as a consequence
of the identity (24), applied to the relation (28).
Other relevant examples of Haantjes operators in terms of Killing tensors in a
Riemannian manifold can be found in [27].
HAANTJES ALGEBRAS AND DIAGONALIZATION 9
3. The geometry of Haantjes operators
As stated in Proposition 10, the Haantjes torsion HL of an operator field L has
a relevant geometrical meaning: its vanishing is a necessary condition for the eigen-
distributions of L to be integrable. To clarify this point, first we need to recall that
a reference frame is a set of n vector fields {Y1, . . . , Yn} such that, at each point
x belonging to an open set U ⊆ M , they form a basis of the tangent space TxU .
Two frames {X1, . . . , Xn} and {Y1, . . . , Yn} are said to be equivalent if n nowhere
vanishing smooth functions fi exist such that
Xi = fi(x)Yi , i = 1, . . . , n .
A natural frame is the frame associated to a local chart {U, (x1, . . . , xn)} and de-
noted as
{
∂
∂x1
, . . . , ∂
∂xn
}
.
Definition 18. An integrable frame is a reference frame equivalent to a natural
frame.
Proposition 19. [3] A reference frame {Y1, . . . , Yn} in a manifold M is integrable
if and only one the two equivalents conditions are satisfied:
• each distribution generated by any two vector fields {Yi, Yj} is Frobenius
integrable;
• each distribution Ei generated by all the vector fields except Yi is Frobenius
integrable.
Definition 20. An operator field L is said to be semisimple if, in each open neigh-
borhood U ⊆ M , there exists a reference frame formed by (proper) eigenvector
fields of L. This frame will be called an eigen-frame of L. Moreover, L is said to
be simple if all of its eigenvalues are point-wise distinct, namely if li(x) 6= lj(x),
i, j = 1, . . . , n, ∀x ∈M .
An important question is to ascertain under which conditions eigen-frames of
L are integrable. Proposition 10 amounts to say that if an operator admits a lo-
cal chart in which it takes a diagonal form, then its Haantjes torsion necessarily
vanishes, therefore the associated natural frame is an eigen-frame (trivially) inte-
grable. In 1955, Haantjes proved in [15] that the vanishing of the Haantjes torsion
of a semisimple (therefore with possibly coinciding eigenvalues) operator L is also a
sufficient condition to ensure both the integrability of each of its eigen-distributions
(assumed of constant rank) and the existence of local coordinate charts in which L
takes a diagonal form. We shall call such coordinates Haantjes coordinates for L:
We remark that, in the framework of hydrodynamic systems and in the particular
case of simple eigenvalues, they coincide with the Riemann invariants of the sys-
tem. Furthermore, Haantjes stated that the vanishing of the Haantjes torsion of an
operator with real eigenvalues L is also a sufficient (but not necessary) condition
to ensure the integrability of each of its generalized eigen-distributions (of con-
stant rank). An equivalent statement of the above-mentioned results is that each
Haantjes operator with real eigenvalues admits an integrable frame of generalized
eigenvector fields.
Below, we prove necessary and sufficient conditions that ensure the integrability
of generalized eigen-distributions of non-semisimple operator fields. Let us denote
with Spec(L) := {l1(x), l2(x), . . . , ls(x)} the set of the eigenvalues of an opera-
tor L, which we shall always assume to be real and point-wise distinct in all the
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forthcoming considerations. Also, we denote by
(35) Di = ker
(
L− liI
)ρi
, i = 1, . . . , s
the i-th generalized eigen-distribution, that is the distribution of all the generalized
eigenvector fields corresponding to the eigenvalue li = li(x). In eq. (35), ρi stands
for the Riesz index of li, namely the minimum integer such that
(36) ker
(
L− liI
)ρi
≡ ker
(
L− liI
)ρi+1
,
which we shall always assume to be independent of x. When ρi = 1, Di is a proper
eigen-distribution.
Definition 21. A generalized eigen-frame of an operator field L is a local reference
frame of generalized eigenvector fields of L.
Let us recall that the tangent space in any point of x ∈ M can be decomposed
as
(37) TxM =
s⊕
i=1
Di(x) ,
Theorem 22. Let L be an operator field and Di one of its generalized eigen–
distribution, with Riesz index ρi, i = 1, . . . , s. We assume that the rank of Di is
independent of x ∈M . Then, the following three conditions are equivalent:
(1) The distribution Di is involutive;
(2) for any i = 1 . . . , s
τ(L−liI)ρi (Di,Di) = 0 ;
(3) for any i = 1 . . . , s
H(L−liI)ρi (Di,Di) = 0 .
Proof. First, let us prove that (1) ⇔ (2). From eq. (35) and (7) it follows that
τ(L−liI)ρi (Di,Di) = (L− liI)
2ρi
[
Di,Di] .
Therefore, we deduce that
[Di,Di] ⊆ ker
(
L− liI
)2ρi (36)
= ker
(
L− liI
)ρi
if and only if condition (2) is fulfilled.
Obviously, condition (2) implies (3). Consequently, relation (1) implies (3).
Finally, let us prove that condition (3) implies (1). In fact, from eq. (35) and (8)
it follows that
H(L−liI)ρi (Di,Di) = (L− liI)
4ρi
[
Di,Di] .
Therefore,
[Di,Di] ⊆ ker
(
L− liI
)4ρi (36)
= ker
(
L− liI
)ρi
,
if condition (3) is fulfilled. 
Theorem 23. Let L be an operator field, and Di, Dj two involutive eigen-distributions
with Riesz indices ρi and ρj, respectively (i, j = 1, . . . , s). Then, the following three
conditions are equivalent
(1) the distribution Di ⊕Dj is involutive;
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(2) for any i, j = 1, . . . , s
τ(L−liI)ρi (L−ljI)ρj (Di ⊕Dj ,Di ⊕Dj) = 0
(3) for any i, j = 1, . . . , s
H(L−liI)ρi (L−ljI)ρj (Di ⊕Dj ,Di ⊕Dj) = 0 .
Proof. Firstly, let us prove that (1)⇔ (2). From eq. (9) applied to A = (L− liI)
ρi ,
B = (L− ljI)
ρj and eq. (7) it follows that
τ(L−liI)ρi (L−ljI)ρj (Di ⊕Dj ,Di ⊕Dj) = (L− liI)
2ρi(L− ljI)
2ρj [Di,Dj ] .
Therefore,
[Di,Dj ] ⊆ ker
(
L− liI
)2ρi(
L− ljI
)2ρj (36),(9)
= ker
(
L− liI
)ρi
⊕ ker
(
L− ljI
)ρj
,
if and only if condition (2) is fulfilled.
Obviously, condition (2) implies (3), therefore (1) implies (3).
Finally, from eq. (9) and (8) it follows that
H(L−liI)ρi (L−ljI)ρj (Di ⊕Dj ,Di ⊕Dj) = (L− liI)
4ρi(L− ljI)
4ρj [Di,Dj ] .
Therefore
[Di,Dj ] ⊆ ker
(
L− liI
)4ρi(
L− ljI
)4ρj (36),(9)
= ker
(
L− liI
)ρi
⊕ ker
(
L− ljI
)ρj
.
if condition (3) is satisfied. 
Definition 24. Let us consider a set of distributions {Di,Dj , . . . ,Dk} mutually
disjoint. We shall say that the distributions of such set are mutually integrable if
i) each of them is integrable;
ii) any direct sum Di ⊕Dj ⊕ . . .⊕Dk (where all indices i, j, . . . , k are different)
is also integrable.
Now, we are in the position to recover the Haantjes theorem as a consequence
of Theorems 22 and 23.
Theorem 25. [15]. Let L be an operator field, and assume that the rank of each
generalized eigen–distribution Di is independent of x ∈ M . The vanishing of the
Haantjes torsion
(38) HL(X,Y ) = 0 ∀X,Y ∈ TM
is a sufficient condition to ensure the mutual integrability of the generalized eigen–
distributions {D1, . . . ,Ds}. In addition, if L is semisimple, condition (38) is also
necessary.
Proof. In the non-semisimple case, Proposition 16 assures that, if the condition (38)
is satisfied, the involution conditions (3) of Theorems 22 and 23 hold for i = 1, . . . , s;
therefore, the distributions {D1, . . . ,Ds} are mutually integrable.
Conversely, if the distributions {D1, . . . ,Ds}, are mutually integrable, conditions
(3) of Theorems 22 and 23 are satisfied for all eigen-distributions Di. If, in addition,
L is semisimple, then each Riesz index ρi = 1, and Proposition 15 implies that
(39) HL−liI(X,Y ) = HL(X,Y ), ∀X,Y ∈ TM, i = 1, . . . , s .
Therefore, due to the spectral decomposition (37), condition (38) is fulfilled.

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Remark 26. Due to Theorems 22 and 23, the set of conditions (2) is not stronger
than (3) but equivalent. This can be understood by observing that if a distribution
Di is integrable, then the operator (L − liI)
ρi can be restricted to each integral
leaf of Di and such restriction vanishes. Thus, one might wonder, at least in the
semisimple case, whether there exists an analogous of Proposition 15 for the case
of Nijenhuis torsion. This is not the case as, in contrast to eq. (39), we have
(40) τL−liI(X,Y ) = τL(X,Y ) + (LY )(li)X − (LX)(li)Y ,
which differs from τL(X,Y ) unless the eigenvalue li is constant.
In the paper by Haantjes [15], the original proof of Theorem 25, which was
developed in a completely different way, is explicitly carried out only for the case of
a semisimple operator. In [10] and [14], the integrability of the eigen-distributions
of a Nijenhuis operator with generalized eigenvectors of Riesz index 2 was proved.
However, the case of Haantjes operators was not considered. On the other hand,
to the best of our knowledge, the proofs of the Haantjes theorem available in the
literature (see for instance [12], [13]) are based on the more restrictive assumption
that the Haantjes operator be diagonalizable.
In the particular case of a Nijenhuis operator, we are able to prove new invariance
properties of its eigenvalues. They generalize the results proved in [10, 14] for
Nijenhuis operators with Riesz index equal to 2 to the case of an arbitrary Riesz
index. Precisely, evaluating the Nijenhuis torsion on such eigenvector fields, we get
TL(Xα, Yβ) =
(
L− µI
)(
L− νI
)
[Xα, Yβ ] + (µ− ν)
(
Xα(ν)Yβ + Yβ(µ)Xα
)
−
(
L− µI
)
[Xα, Yβ−1]−
(
L− νI
)
[Xα−1, Yβ ] + [Xα−1, Yβ−1](41)
−
(
Xα(ν)Yβ−1 + Yβ−1(µ)Xα
)
+
(
Xα−1(ν)Yβ + Yβ(µ)Xα−1
)
.
where Xα(ν) denotes the Lie derivative of the eigenvalue ν(x) with respect to the
vector field Xα. By exploiting such an identity, by induction over (α+ β), we have
proved the new identity(
L− µI
)α−1(
L− νI
)β−1
TL(Xα, Yβ) +
(
L− µI
)α−1(
L− νI
)β−2
TL(Xα, Yβ−1) +(
L− µI
)α−2(
L− νI
)β−1
TL(Xα−1, Yβ) +
(
L− µI
)α−2(
L− νI
)β−2
TL(Xα−1, Yβ−1)
=
(
L− µI
)α(
L− νI
)β
[Xα, Yβ ]− β(ν − µ)
αXα(ν)Y1 + α(µ− ν)
βYβ(µ)X1 .
(42)
Consequently, the following result holds.
Proposition 27. Let N be a Nijenhuis operator. Each of its eigenvalues µ is
constant along the flow of the generalized eigenvectors belonging to Eν , that is
(43) Yβ(µ) = 0 ∀ Yβ ∈ ker
(
N − νI
)ρν
, µ 6= ν .
Moreover,
[Xα, Yβ ] ∈ ker
(
N − µI
)α
⊕ ker
(
N − νI
)β
, µ 6= ν(44)
[Xα, Yβ ] ∈ ker
(
N − µI
)α+β
, µ = ν .(45)
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Proof. If the torsion of N vanishes, the left side of (42) vanishes as well. Taking
α = ρµ, from the Haantjes theorem it follows that the first addend of the r.h.s.
belongs to Dν , therefore the third addend vanishes and Yβ(µ) = 0, if µ 6= ν.
Consequently, each addend in (42) vanishes and eq. (44) follows. Finally, if µ = ν
the second and the third addend of (42) vanish, therefore the first addend vanishes
as well and relation (45) holds. 
Let us show in detail how to determine a coordinate system that, under the
assumptions of Theorem 25, provides a block-diagonal form for a Haantjes operator
L. Denote by
(46) Ei := Im
(
L− liI
)ρi
=
s⊕
j=1, j 6=i
Dj , i = 1, . . . , s
the distribution of rank (n − ri) spanned by all of the generalized eigenvectors of
L, except those associated with the eigenvalue li. Such a distribution will be called
a characteristic distribution of L. Let E◦i denote the annihilator of the distribution
Ei. Since L has real eigenvalues by hypothesis, the cotangent spaces of M can be
locally decomposed as
(47) T ∗xM =
s⊕
i=1
E◦i (x).
Moreover, each characteristic distribution Ei is integrable by virtue of Theorem 25.
We shall denote by Ei the foliation of Ei and by Ei(x) the connected leave through
x belonging to Ei. Thus, the set of distributions {E1, E2, . . . , Es} generates as many
foliations {E1,E2, . . . ,Es} as the number of distinct eigenvalues of L. This set of
foliations will be referred to as the characteristic web of L and the leaves Ei(x) of
each foliation Ei as the characteristic fibers of the web.
Definition 28. A collection of ri smooth functions will be said to be adapted to a
foliation Ei of the characteristic web of a Haantjes operator L if the level sets of
such functions coincide with the characteristic fibers of the foliation Ei.
Definition 29. A parametrization of the characteristic web of a Haantjes operator
L is an ordered set of n independent smooth functions grouped as (f1, . . . ,f i, . . . ,fs)
such that each ordered subset f i = (f i,1, . . . , f i,ri) is adapted to the i-th character-
istic foliation of the web:
(48) f i,k|Ei(x) = c
i,k ∀Ei(x) ∈ Ei , k = 1, . . . , ri ,
where ci,k are real constants depending only on the index i and k. In this case, we
shall say that the collection of functions is adapted to the web and that each of them
is a characteristic function.
Proposition 30. The vanishing of the Haantjes torsion of an operator field L
is sufficient to ensure that L admits an equivalence class of integrable generalized
eigen-frames, where L takes a block-diagonal form. Furthermore, if L is semisimple
it takes a diagonal form and the vanishing of its Haantjes torsion is also a necessary
condition. In addition, if L is simple each of its eigen-frame is integrable.
Proof. Since each characteristic distribution Ei is integrable by virtue of the Haant-
jes Theorem 25, in the corresponding annihilator E◦i one can find ri exact one-forms
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(dxi,1, . . . , dxi,ri) that provide functions (xi,1, . . . , xi,ri) adapted to the characteris-
tic foliation Ei. Collecting together all these functions, one can construct a set of n
independent coordinates, that we grouped as (x1, . . . ,xi, . . . ,xs) and a local chart
{U, (x1, . . . ,xi, . . . ,xs)}, adapted to the characteristic web. The corresponding
natural frame
{
∂
∂x1
, . . . , ∂
∂xi
, . . . , ∂
∂xs
}
turns out to be a generalized eigen-frame.
In fact, as
(49) D◦i =
s⊕
j=1, j 6=i
E◦j ,
any generalized eigenvector W ∈ Di leaves invariant all the coordinate functions
except at most the characteristic functions xi = (xi,1, . . . , xi,ri) of Ei. Thus, we
have that W = W (xi) ∂
∂xi
=
∑ri
k=1W (x
i,k) ∂
∂xi,k
, therefore
(50) Di|U =
〈
∂
∂xi,1
, . . . ,
∂
∂xi,ri
〉
,
(hereafter the symbol <> denotes the C∞(M)-linear span of the considered vector
fields); thus, each frame equivalent to
{
∂
∂x1
, . . . , ∂
∂xi
, . . . , ∂
∂xs
}
is an integrable eigen-
frame of generalized eigenvector fields. Consequently, there exists an equivalence
class of integrable frames and associated local charts where the operator L takes
a block-diagonal form due to the invariance of its eigen-distributions. Moreover, if
L is semisimple, then its generalized eigen-frames are proper eigen-frames and the
block-diagonal form collapses into a diagonal one.
Conversely, if there exists a local chart where L takes a diagonal form, the cor-
responding natural frame is obviously an integrable one. Thus, due to Proposition
10 the Haantjes torsion of L vanishes. Finally, if L is simple each eigen-distribution
has rank 1, thus each natural eigen-frame fulfills the conditions of Proposition 19.
The last sentence is the famous result that A. Nijenhuis published in 1951 [23]. 
Definition 31. Let M be a differentiable manifold and L be a Haantjes operator in
M . A local chart {U, (x1, . . . , xn)} whose natural frame is a generalized eigen-frame
for L will be called a Haantjes chart for L.
A Haantjes chart for L can also be computed by using the transposed operator
LT . Let us denote by
(51) ker
(
LT − liI
)ρi
the i-th distribution of the generalized eigen 1-forms with eigenvalue li(x), which
fulfills the property
(52) ker(LT − liI)
ρi =
(
Im
(
L− liI
)ρi)◦
= E◦i
Such a property implies that each generalized eigenform of LT annihilates all gen-
eralized eigenvectors of L with different eigenvalues. Moreover, it allows us to prove
an interesting equivalence result.
Proposition 32. Let L be a Haantjes operator. The differentials of the char-
acteristic coordinate functions are exact generalized eigenforms for the transposed
operator LT . Conversely, each (locally) exact generalized eigenform of LT provides
a characteristic function for the Haantjes web of L.
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The characteristic functions of a Haantjes operator are characterized by the
following simple property.
Proposition 33. A function h on M is a characteristic function of a Haantjes
operator, associated with the eigenvalue li, if and only if given a set of local coor-
dinates adapted to the characteristic web (x1, . . . ,xi, . . . ,xs), h depends, at most,
on the subset of coordinates xi = (xi,1, . . . , xi,ri) that are constant over the leaves
of the foliation Ei.
Proof. If h = h(xi,1, . . . , xi,ri), it is constant on the leaves of Ei, then dh ∈ E
◦
i .
Viceversa, if we assume that dh ∈ E◦i , then it can be expressed in terms of a
linear combination (with function coefficients) of {dxi,1, . . . , dxi,ri} only. The thesis
follows from the exactness of dh.

In the special case of a Nijenhuis operator, the search for its characteristic func-
tions is simplified by the following
Proposition 34. Let N be a Nijenhuis operator. Its (not constant) eigenvalues
λi are characteristic functions for the Haantjes web of N , as
(53) dλi ∈ ker(N
T − λiI)
ρi .
In particular, the eigenvalues λi with Riesz index ρi = 1, satisfy
(54) NTdλi = λidλi .
Proof. The invariance property (43) and the identity(52) implies (53). From Propo-
sition 32 the thesis follows. 
Remark 35. [14] Let us suppose that a generic operator field L admits a symmetry,
i.e. a vector field X such that
(55) LX(L) = 0.
In this case, the operator L will be called a recursion operator for X. Then, the
eigenvalues of L as well are invariant along the flow of X and the corresponding
generalized eigen-distributions are stable, i.e.
(56) LX(li) = 0 , LX(Di) ⊆ Di, LX(E
◦
i ) ⊆ E
◦
i ∀i = 1, 2, . . . , s .
4. Characteristic Haantjes coordinates and simultaneous
diagonalization
We shall present below some of our main results, concerning the existence of
charts of coordinates in which a family of Haantjes operators takes a diagonal form
in the semisimple case, and a block-diagonal form in the non-semisimple one.
Let us recall that, given a set of commuting semisimple operators, there exist
reference frames in which all operators are simultaneously diagonalized. A relevant
problem is to ascertain whether one can find, among such common eigen-frames,
integrable eigen-frames.
Theorem 36. Let K = {K1, . . . ,Km} be a commuting set of m semisimple op-
erators. There exists a set of local coordinates in which every Ki ∈ K can be
simultaneously diagonalized if and only if their Haantjes torsion vanishes identi-
cally.
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Proof. Let us consider the operator K1. By assumption, it is semisimple and has
vanishing Haantjes torsion. Therefore the Haantjes Theorem 25 assures that in
each neighborhood U ∈ M there exists a local Haantjes chart in which it takes a
diagonal form. Such a chart is adapted to the decomposition of each tangent space
by the eigen-spaces
(57) TxM =
s1⊕
i1=1
D
(1)
i1
(x)
associated to the spectrum Spec(K1) := {l
(1)
1 (x), . . . , l
(1)
i1
(x), . . . , l
(1)
s1 (x)} of K1
and its coordinate functions will be denoted by
(x1, . . . ,xi1 , . . . ,xs1)
where xi1 = (xi1,1, . . . , xi1,ri1 ) are coordinates over the integral leaves of the eigen-
distribution D
(1)
i1
and the remaining
(x1, . . . ,xs1)
are coordinates of the leaves, i.e., are constant (x1 = c1, . . . ,xs1 = cs1) over each
leaf D
(1)
i1
of the foliation.
Now, let us consider the Haantjes operatorK2 which, by assumption, commutes
with K1. Therefore, the eigen-distributions D
(1)
i1
of K1 are invariant w.r.t. K2.
Thus, K2 can be restricted to the integral leaves of D
(1)
i1
. In these submanifolds,
the following properties hold true:
• K1|
D
(1)
i1
= l
(1)
i1
(c1, . . . ,xi1 , . . . , cs1)I |
D
(1)
i1
• K2|
D
(1)
i1
can be point-wise diagonalized;
• HK2(X,Y ) = 0 ∀X,Y ∈ TD
(1)
i1
.
Then, the Haantjes Theorem 25 still holds for the restriction of K2 to D
(1)
i1
.
Therefore, there exists a transformation of coordinates changing only the coordi-
nates over the leaves of D
(1)
i1
(58) Φ :M →M, (x1, . . . ,xi1 , . . . ,xs1) 7→ (x1, . . . ,yi1 , . . . ,xs1)
such that
(59) K2|
D
(1)
i1
=
ri1∑
j=1
l
(2)
i1,j
(c1, . . . ,yi1 , . . . , cs1)
∂
∂yi1,j
⊗ dyi1,j
where the eigenvalues l
(2)
i1,j
may not be distinct. Performing such transformations
for i1 = 1, . . . , s1, one can construct a set of local coordinates in M
(60) (y1, . . . ,yi1 , . . . ,ys1)
adapted to the decomposition
(61) TxM =
s1,s2⊕
i1,i2
D
(1)
i1
(x) ∩ D
(2)
i2
(x) ,
in whichK1 andK2 take simultaneously a diagonal form. Obviously, each addend
in the decomposition (61) is an involutive distribution being an intersection of
involutive distributions. What is much less obvious without following this line
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of reasoning, is that each direct sum of two or more addends of (61) is also an
involutive distribution. In this context, this follows, a posteriori, from the fact that
it is generated by the constant vector fields of the natural frame associated to the
chart (60).
RestrictingK3 to each addend of the decomposition (61) and applying again the
previous reasoning one can construct a local chart in whichK1, K2 andK3 take a
diagonal form. Iterating this argument forK4, . . . ,Km, one gets the decomposition
(62) TxM =
s1,...,sm⊕
i1,...,im
D
(1)
i1
(x)
⋂
. . .
⋂
D
(m)
im
(x) =
v⊕
a=1
Va ,
where we have denoted denote by Va the nontrivial addends in the direct sum (62),
by v their number (v ≤ n) and by ra their rank (
∑v
a=1 ra = n). Then, by virtue of
the previous reasoning there exists a local chart
(63) {U, (y1, . . . ,ya, . . . ,yv)} ,
adapted to the decomposition (62) such that
(64) Va =
〈
∂
∂ya,1
, . . . ,
∂
∂ya,ra
〉
,
where the natural frame { ∂
∂ya,1
, . . . , ∂
∂ya,ra
} over the leaves of Va is formed by com-
mon eigenvector fields of the basis {K1, . . . ,Km}. The distributions Va, a =
1, . . . , v are obviously integrable together with each direct sum of the form Va ⊕
Vb⊕ . . .⊕Vc, as they are spanned by constant vector fields belonging to the natural
frame of the local chart (63). Thus, the first part of the thesis follows.
The converse statement follows from the fact that if K is a set of operators that
share local coordinates in which they all take a diagonal form, they are all Haantjes
operators due to Proposition 10. 
The first statement of Theorem 36 can be generalized to the case of non-semisimple
Haantjes algebras. Precisely, in the following we shall prove the existence of a local
chart where a non-semisimple operator takes a block-diagonal form. The converse
statement does not seem to admit any straightforward generalization.
Proposition 37. Let K = {K1, . . . ,Km} be a set of commuting and non-semisimple
Haantjes operators. Then, there exists a set of local coordinates in which every Ki
can be simultaneously set in a block-diagonal form.
Proof. Since the proof is essentially based on the same arguments of Theorem 36,
we will just sketch it, remarking that now the distributions of field of eigenvectors
are indeed distributions of field of generalized eigenvectors.
Due to the invariance of the addends of the decomposition (62) with respect
to each Ki ∈ K , one can restrict all of these operators to a set of intersections
of integral leaves of their eigen-distributions, which decompose the tangent bundle
into a direct sum. By virtue of the Haantjes theorem applied to the restricted
operators, one infers the existence of a set of local coordinates, adapted to the
previous decomposition, in which all the operatorsKi ∈ K acquire simultaneously
a block-diagonal form. 
Definition 38. Let K = {K1, . . . ,Km} be a set of Haantjes operators. A local
chart {U, (x1, . . . , xn)} whose natural frame is a generalized eigen-frame for each
Ki ∈ K will be called a Haantjes chart for the set K.
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5. Haantjes algebras
In this section we define the new notion of Haantjes algebra.
5.1. Main Definition.
Definition 39. A Haantjes algebra of rank m is a pair (M,H ) which satisfies the
following conditions:
• M is a differentiable manifold of dimension n;
• H is a set of Haantjes operators K : TM → TM , that generates
– a free module of rank m over the ring of smooth functions on M :
(65)
H(
fK1+gK2
)(X,Y ) = 0 , ∀X,Y ∈ TM , ∀f, g ∈ C∞(M) , ∀K1,K2 ∈ H ;
– a ring w.r.t. the composition operation
(66)
H(
K1 K2
)(X,Y ) = H(
K2 K1
)(X,Y ) = 0 , ∀K1,K2 ∈ H , ∀X,Y ∈ TM .
In addition, if
(67) K1K2 =K2K1 ∀K1,K2 ∈ H ,
the algebra H will be said to be an Abelian Haantjes algebra.
Moreover, if the identity operator I ∈ H , then H will be called a Haantjes
algebra with identity.
We observe that the assumptions (65), (66) ensure that the set H generates
an associative algebra of Haantjes operators. Besides, whenever K ∈ H , then
Ki ∈ H ∀i ∈ N\{0}.
Let us consider the minimal polynomial of an operator K ∈ H
(68) mK(x, λ) =
s∏
i=1
(
λ− li(x)
)ρi
= λr +
r∑
j=1
cj(x)λ
r−j , r =
s∑
i=1
ρi ,
where li(x) i = 1, . . . , s are the point-wise distinct eigenvalues of K. Then, the
observations above imply the following
Lemma 40. Let H be a Haantjes algebra of rank m. Then, if I ∈ H the degree
r of the minimal polynomial of each K ∈ H is not greater than m; if I /∈ H
r ≤ (m + 1).
Lemma 41. Let H be a Haantjes algebra without identity. Then, every K ∈ H
is not invertible.
Proof. Let mK(λ) be the minimal polynomial of K in eq. (68). Let us consider
the operator cr(x)I = −(K
r +
∑r−1
j=1 cj(x)K
r−j) that, at the points x ∈M where
cr(x) 6= 0, belongs to H . Then, at the same points, also I should belong to H ;
but this is absurd. Therefore cr(x) = (−1)
r Πsi=1l
ρi
i (x) vanishes at any point of
M . Consequently, K is not invertible in any point of M . 
Remark 42. The class of ωH manifolds introduced and discussed in [25] is nothing
but a family of symplectic manifolds of dimension 2n, endowed with an Abelian
Haantjes algebra of rank m ≡ n that fulfills an additional compatibility condition
with ω.
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The conditions of Definition 39 are apparently demanding and difficult to solve.
However, a very natural Haantjes algebra of rank not greater than n is given, in a
local chart {U,x = (x1, . . . , xn)}, by the family of operators of the form
(69) K =
n∑
k=1
lk(x)
∂
∂xk
⊗ dxk ,
where the smooth functions lk(x) plays the role of fields of eigenvalues of K. The
diagonal operatorsK have their Haantjes torsion vanishing and satisfy the differen-
tial compatibility condition (65) by virtue of Proposition 10. Moreover, they form a
commutative ring, as they satisfy eqs. (66). In fact, such operators generate an al-
gebraic structure that we name diagonal Haantjes algebra. In the following section,
we’ll show that this is the model for Haantjes algebras of commuting semisimple
Haantjes operators. Thus, we propose the following
Definition 43. A Haantjes algebra (M,H ) is said to be semisimple if each oper-
ator K ∈ H is semisimple, according to Definition 21.
Due to the fact that the set of diagonal matrices is closed under C∞(M)-linear
combinations and matrix products, Theorem 36 can be re-stated in the following
equivalent form
Theorem 44. Given a family of commuting semisimple operators {K1, . . . ,Km},
they generate an Abelian Haantjes algebra H if and only if their Haantjes torsion
identically vanishes.
In Section 5.2 we shall present another relevant class of Haantjes algebras, namely
the cyclic algebras, generated by the powers of a single Haantjes operator. Examples
of non-diagonal Haantjes algebras have been studied in [26].
5.2. Cyclic Haantjes algebras. An especially relevant class of Haantjes algebras
is represented by those generated by a single Haantjes operator L : TM 7→ TM .
In fact, one can consider the algebra L of all powers of L
L(L) :=
〈
I,L,L2, . . . ,Ln−1, . . .
〉
.
Due to Proposition 16, it is a Haantjes algebra that we shall call a cyclic Haantjes
algebra. Its rank is equal to the degree of the minimal polynomial of L that is not
greater than n, due to the Cayley–Hamilton theorem.
A natural question is to establish whether a given Haantjes algebra can be gen-
erated by a single Haantjes operator, which would define a cyclic Haantjes algebra.
To investigate this problem, the following definition will be useful.
Definition 45. Let (M,H ) be an Abelian Haantjes algebra with identity and of
rank m. An operator L having its minimal polynomial of degree m will be called a
cyclic generator of H if
H ≡ L(L) .
The set
(70) Bcyc = {I,L,L
2, . . . ,Lm−1}
will be called a cyclic basis of H .
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A cyclic basis allows us to represent each Haantjes operator K ∈ H as a poly-
nomial field in L of degree at most (m-1), i.e.
(71) K = pK(x,L) =
m−1∑
k=0
ak(x)L
k ,
where ak(x) are smooth functions in M .
Let us consider the following proposition that holds for each semisimple operator
field with real eigenvalues.
Proposition 46. Let L be a semisimple operator with m point-wise distinct eigen-
values {λ1(x), . . . , λm(x)}, and K be another operator field possessing s point-wise
distinct eigenvalues, with s ≤ m. The following conditions are equivalent:
• K belongs to the cyclic algebra of rank m generated by L, i.e.
(72) K ∈ L(L) ;
• there exists a polynomial field pK(x, λ) in λ of degree at most m − 1 such
that
(73) K = pK(x,L) ;
• each eigen-distribution of L is included in a single eigen-distribution of K,
(74) Cλi := ker(L− λiI) ⊆ Dli := ker(K − liI),
where it is understood that the eigenvalues
(
l1(x), . . . , lm(x)
)
of K may
not be all distinct.
Proof. The equivalence between (72) and (73) is due to the fact that the minimal
polynomial of L is
mL(x, λ) = Π
m
i=1
(
λ− λi(x)
)
and the set (70) is a basis of L(L).
Condition (73) implies (74) as every eigen–vector field X of L belonging to Cλi ,
is also an eigenvector field of K with eigenvalue li(x) = pK(x, λi)
KX = pK(x,L)X = pK(x, λi)X .
Viceversa, if condition (74) is fulfilled, it suffices to show that there exist a field of
polynomials pK(x, λ), λ ∈ R, such that K and pK(x,L) agree on a basis adapted
to the decomposition
TxM =
m⊕
i=1
Cλi(x) .
To this aim, we must solve the following system
(75) li(x) = pK(x, λi) =
m−1∑
k=0
ak(x)λ
k
i (x) , i = 1, . . .m ,
The equations (75) can be solved by means of the m Lagrange interpolation
polynomials of degree (m− 1)
πi(λ) =
Πmj 6=i(λ− λj)
Πmj 6=i(λi − λj)
, i = 1, . . .m
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which yield the expressions
pK(x, λ) =
m∑
i=1
li(x)πi(λ) .
Therefore,
(76) K =
m∑
i=1
pK(x, λi)πi(L) ,
where πi(L) are projection operator fields onto the distribution Cλi and Bint =
{π1(L), . . . , πm(L)} will be said to be a Lagrange interpolation basis of L(L). 
Corollary 47. If one of the equivalent conditions of Proposition 46 is satisfied and
L is a Haantjes operator, then the operator K is also a Haantjes operator which
commutes with L. In addition, every eigen-basis of L is also an eigen-basis for K.
Therefore,
(77) L|Cj = λjI|Cj , K|Cj = pK(x, λj)I |Cj ,
where Cj denotes an integral leaf of the eigen-distribution Cλj of L.
Thus, given a semisimple Haantjes operator K with s point-wise distinct eigen-
values {l1(x), . . . , ls(x)}, one can always construct another Haantjes operator L
fulfilling the condition (73), by considering a finer (or at least no coarser) decom-
position than the spectral decomposition of K
TxM =
s⊕
i=1
Dli(x) ,
according to which
K =
s∑
i=1
liPi(K) ,
being Pi projection operator fields onto Dli . To this aim, let us consider a local
chart {U, (x1, . . . ,xs)}, adapted to the characteristic web of K, which, therefore,
fulfills eq. (50).
By way of an example, one can consider the further decomposition
(78) Dli(x) =
ri⊕
ji=1
Ci,ji(x) , ri = rank Dli
in terms of one-dimensional Lie subalgebras
Ci,ji =
〈
∂
∂xi,ji
〉
⊆ Dli .
Then, one can construct the operator
L =
s∑
i=1
λi,ji
ri∑
ji=1
∂
∂xi,ji
=
s,ri∑
i=1,ji=1
λi,ji pii,ji ,
where pii,ji are projection operators onto the subalgebras Ci,ji , and λi,ji are ar-
bitrarily chosen (but point-wise distinct) functions, numbered with respect to the
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finer decomposition (78) of TxM , which will play the role of eigenvalues of L.
Consequently, we have
P i =
ri∑
ji=1
pii,ji .
Thus, p(λi,ji ) = li, i = 1, . . . , s, ji = 1, . . . , ri.
Finally, as a consequence of the Proposition 46 we have the following result.
Proposition 48. Let (M,H ) be a semisimple Abelian Haantjes algebra with iden-
tity, of rank m. Consider the spectral decomposition (62)
(79) TxM =
v⊕
a=1
Va(x) .
Then the Haantjes algebra (M,H ) is cyclic if v ≤ m. Also, assume that the set
(80) {U, (y1, . . . ,ym)},
is a Haantjes chart adapted to the decomposition (79) whenever v = m, or to a
decomposition finer than (79) if v < m. Then each operator of the form
(81) L =
m∑
a=1
λa(x)
ra∑
ja=1
∂
∂ya,ja
⊗ dya,ja ,
is a cyclic generator of H provided that its m eigenvalues {λ1(x), . . . , λm(x)} are
smooth functions, arbitrary but distinct at any point of U . In particular, if the
eigenvalues of L are chosen to be
(82) λa(x) = λa(y
a,1, . . . , ya,ra) a = 1, . . . ,m,
then L is a cyclic Nijenhuis generator, that is, its Nijenhuis torsion identically
vanishes.
Proof. Due to Theorem 36, there exist Haantjes charts adapted to the decomposi-
tion (79) and they are of the form (63). If v = m, the eigen-distributions of (81)
are given by Va; consequently, by construction they fulfill condition (74). More-
over, as the eigenvalues of L are distinct, this operator satisfies the assumptions of
Proposition 46.
If v < m, a cyclic generator can still be constructed, because we can further
decompose some of the distributions Va (64) into a direct sum of mutually integrable
sub-distributions
Va =
〈
∂
∂ya,1
, . . . ,
∂
∂ya,ra
〉
=
r¯ia⊕
ia=1
〈
∂
∂ya,1
, . . . ,
∂
∂ya,ia
〉
=
r¯ia⊕
ia=1
Ca,ia ,
with
∑
r¯ja = ra, in such a way that the number of addends into the following
decomposition
(83) TxM =
v,r¯ia⊕
a=1,ia=1
Ca,ia
equals again m.
Finally, if the eigenvalues of (81) are chosen according to the assumption (82),
then the Nijenhuis torsion of L vanishes due to Lemma 7. 
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To conclude this discussion, we observe that in the case v > m, no cyclic operator
exists for a Haantjes algebra H of rank m. However, it is possible to immerse H
into a larger Haantjes algebra, of rank equal to v, by adding (v − m) suitable
diagonal operators not belonging to H , independent among each others. Thus,
such an extended algebra admits a cyclic generator according to Proposition (48)
(for an example of this procedure, see e.g. Section 6.1).
6. Cyclic-type Haantjes operators: Example
We shall present here an example illustrating some interesting aspects of the
Haantjes geometry previously discussed. In this example, as an application of the
main theorems, we develop the procedure of constructing a Haantjes chart for a
semisimple Haantjes algebra of rank 2. Also, a cyclic generator for a suitably
extended algebra is constructed.
6.1. Construction of a Haantjes chart. Let us consider the affine 3D space
A3, with a cartesian coordinates system {O;x = (x, y, z)} and the two operators
Ki : TM → TM
K1 := y
2 ∂
∂x
⊗ dx+ x2
∂
∂y
⊗ dy − xy
(
∂
∂x
⊗ dy +
∂
∂y
⊗ dx
)
K2 : = (y
2 + z2)
∂
∂x
⊗ dx+ (x2 + z2)
∂
∂y
⊗ dy + (y2 + z2)
∂
∂z
⊗ dz
− xy
(
∂
∂x
⊗ dy +
∂
∂y
⊗ dx
)
− xz
(
∂
∂x
⊗ dz +
∂
∂z
⊗ dx
)
− yz
(
∂
∂y
⊗ dz +
∂
∂z
⊗ dy
)
that generate an Abelian Haantjes algebra H of rank 2, as
K21 = fK1 , K
2
2 = gK2 , K1K2 = gK1 ,
where
f(x) = x2 + y2, g(x) = x2 + y2 + z2 .
Let us note that K2 is a special case of the inertia tensor (27), for of a single mass
point Pγ ≡ O with unitary mass, and n = 3. The spectra of K1 and K2 are
Spec(K1) = {l
(1)
1 = f, l
(1)
2 = 0}
Spec(K2) = {l
(2)
1 = 0, l
(2)
2 = g} ,
and their eigen–distributions
D
(1)
1 = 〈Y1〉 , D
(1)
2 = 〈Y2, Y3〉 , Y1 := −y
∂
∂x
+x
∂
∂y
, Y2 := x
∂
∂x
+y
∂
∂y
, Y3 :=
∂
∂z
,
D
(2)
1 = 〈Z1〉 , D
(2)
2 = 〈Z2, Z3〉 , Z1 := Y2+ zY3 , Z2 := Y1 , Z3 := −z
∂
∂x
+x
∂
∂z
.
Haantjes charts can be constructed finding coordinates adapted to the decomposi-
tion (62). To this aim, we observe that
D
(1)
1 ∩D
(2)
1 = 〈0〉 , D
(1)
1 ∩ D
(2)
2 = 〈Z2〉 , D
(1)
2 ∩ D
(2)
1 = 〈Z1〉 ,
D
(1)
2 ∩ D
(2)
2 = 〈Z4〉 , Z4 = −xz
∂
∂x
− yz
∂
∂y
+ (x2 + y2)
∂
∂z
,
so that the tangent spaces are decomposed by three addends as
(84) TxM = 〈Z1〉(x)⊕ 〈Z2〉(x)⊕ 〈Z4〉(x) .
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A set of local coordinates adapted to such decompositions is given (for x 6= 0) by
the functions
x1 =
y
x
⇒ dx1 ∈
(
〈Z1〉 ⊕ 〈Z4〉
)◦
x2 =
√
x2 + y2 + z2 ⇒ dx2 ∈
(
〈Z2〉 ⊕ 〈Z4〉
)◦
x3 =
z√
x2 + y2 + z2
⇒ dx3 ∈
(
〈Z1〉 ⊕ 〈Z2〉
)◦
.
(85)
Such coordinates are related to spherical coordinates (ρ, ϕ, θ) in A3 as
x1 = tanϕ , x2 = ρ , x3 = cos θ .
They are characteristic functions of the spherical web whose fibers are the three
foliations generated by:
• 〈Z1〉 ⊕ 〈Z4〉, half-planes issued from the z axis;
• 〈Z2〉 ⊕ 〈Z4〉, spheres centered in O;
• 〈Z1〉 ⊕ 〈Z2〉 one-folded circular cones with axis z and vertex O.
In these coordinates, the Haantjes operators K1 and K2 take the diagonal form
K1 = x
2
2(1− x
2
3)
∂
∂x1
⊗ dx1
K2 = x
2
2
(
∂
∂x1
⊗ dx1 +
∂
∂x3
⊗ dx3
)
.
The Haantjes algebra H , whose basis is {K1,K2}, is not a cyclic algebra according
to Definition 45, as the identity operator does not belong to H . Indeed, its spectral
decomposition (84) does not fulfill the assumption of Proposition 48 as v = 3 >
m = 2. Moreover, coherently with Lemma 41, each element of H is not invertible.
However, if we extend the algebra H simply by adding the identity operator I, we
shall get a cyclic Haantjes algebra of rank three. For instance, a cyclic generator
with three distinct eigenvalues, for the extended algebra of rank 3, is given by
(86) L =K1 +K2 ,
with
Spec(L) = {λ1 = −x
2
2(x
2
3 − 2), λ2 = 0, λ3 = x
2
2} .
In fact
K1 =
x23 − 3
x23 − 2
L−
1
λ1
L2 ,
and
K2 = −
λ3
λ1
L+
1
λ1
L2 .
Thus, H turns out to be a Haantjes subalgebra (but not a cyclic one) of the
extended cyclic Haantjes algebra whose basis is
(87) {I,K1,K2}.
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The eigenvalues of L have been chosen in such a way that L in the original
cartesian coordinates (x, y, z) takes a simple polynomial form, precisely
L =
(
2y2 + z2
) ∂
∂x
⊗ dx+
(
2x2 + z2
) ∂
∂y
⊗ dy +
(
x2 + y2
) ∂
∂z
⊗ dz
−2xy
(
∂
∂x
⊗ dy +
∂
∂y
⊗ dx
)
− xz
(
∂
∂x
⊗ dz +
∂
∂z
⊗ dx
)
−yz
(
∂
∂y
⊗ dz +
∂
∂z
⊗ dy
)
.
Let us note that cyclic Nijenhuis generators of the cyclic Haantjes algebra with
basis (87) do exist as well, for instance
N = x1
∂
∂x1
⊗ dx1 + x
2
2
∂
∂x2
⊗ dx2 + x
2
3
∂
∂x3
⊗ dx3 .
However, although its form is again a rational one in the original cartesian coordi-
nates, it turns out to be much more complicated than the form of L. In fact, the
numerators of its components are polynomials up to degree 9.
7. A comparison with other algebraic structures: Haantjes
manifolds and Killing-Sta¨ckel algebras
It is interesting to compare our definition of Haantjes algebras over a differ-
entiable manifold proposed in Section 5 with the notion of Haantjes manifolds
recently introduced by Magri [18]. The main difference between the two construc-
tions resides on the distinct degree of generality of them, which obviously reflects
the variety of our motivations.
In our construction, we are mainly concerned with the abstract, more general
theory of commuting Haantjes operators defining an Haantjes algebra, without
any reference to additional geometric structures like exacts 1-forms or symmetry
vector fields, that in Magri’s theory are essential to construct Lenard complexes of
commuting vector fields or exact 1-forms [19, 20].
In other words, although Magri’s Haantjes manifolds possess a richer axiomatic
structure than our Haantjes algebras, we limit ourselves to choose a minimal number
of requirements in order to have a flexible structure, which in a subsequent step can
be made more suitable for the study of specific problems, as separation of variables
in the context of integrability or Riemannian geometry. To this aim, we postpone
the introduction of additional geometric structures (as Magri–Haantjes chains of
exact 1-forms, symplectic forms [25], Poisson bivectors [28] or Riemannian metrics
[27]) to a further stage of the theory.
The notion of Killing-Sta¨ckel algebra in an n-dimensional Riemannian manifold,
due to Benenti et al. [3], can be naturally interpreted in terms of Haantjes algebras
of rank n. In order to compare the two notions, it is useful to observe that the
cyclic generator (86) enjoys a special property: In fact, its controvariant form is
a Killing two-tensor with respect to the Euclidean metric of the affine space A3.
So, we shall call it a Killing-Haantjes cyclic generator; it can be identified with a
characteristic tensor (CKT) of the Killing-Sta¨ckel algebra (87). Thus, the theory
of Haantjes cyclic algebras over a Riemannian manifold makes contact with the
theory of Killing-Sta¨ckel algebras, which offers a geometrical setting for the classical
theory of separation of variables for Hamiltonian systems going back to Eisenhart,
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Sta¨ckel, Jacobi, etc. The main difference between the two algebraic structures is
that Killing-Sta¨ckel algebras are vector spaces of Killing two-tensors, closed w.r.t.
linear combinations with real constant coefficients. By contrast, Haantjes algebras
are modules of Haantjes operators, closed w.r.t. linear combinations with (smooth)
functions.
At the same time, it is interesting to notice that, starting from a Killing-
Haantjes cyclic generator, one can choose suitable functions to generate other
Killing-Haantjes two-tensors, that is, elements of Killing-Sta¨ckel algebras. The
conditions which such functions must obey are under investigation.
To conclude the comparison among these geometric structures, we can distin-
guish three different scenarios.
i) When dealing with Killing-Sta¨ckel algebras, we are realizing a specific Haan-
tjes algebra with constant coefficients, which typically does not possess a cyclic
Killing-Haantjes generator. In fact, although a CKT does exist, it is not a cyclic
generator, since to reconstruct the full algebra one would need to combine the pow-
ers of the CKT with suitable functions. Instead, in Killing-Sta¨ckel algebras only
linear combinations with constant coefficient are allowed (by definition).
ii) Let us then consider a generalization of the Killing-Sta¨ckel algebra, obtained
combining the powers of the CKT by means of functions. In this case one obtains
a larger algebra, which is a full cyclic Haantjes algebra, defined over the ring of
smooth functions.
iii) The most general case is that of Haantjes algebras that do not come from
Killing tensors.
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